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To understand and use the general ideas of force 
vectors and equilibrium of particle and rigid 
body. 


To understand and use the general ideas of 
structural analysis and internal force and friction. 


To understand and use the general ideas of 
center of gravity, centroids and moments of 
inertia. 
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Lecture Notes and Exercises on STATICS 


General Principals 


1.1 Introduction 

The subject of statics developed very early in history because it's 
principles can be formulated simply from measurements of geometry 
and force. Statics is the study of bodies that are at rest or move with 
constant velocity. We can consider statics as a special case of dynamic/ 57 
in which the acceleration is zero. 


1.2 Fundamental Concepts 

Before we begin our study, it is important to understand the meaning of 
certain fundamental concepts and principles. 

Length is used to locate the position of a point in space and 
thereby describe the size of a physical system. 

Although the principles of statics are tifhe independent, ^fils” 
quantity plays an important role in the study of dynamics. 

Mass is a measure of a quantity of matter. 

Force is considered as a "push" or "pull" exerted by on6 body 
on another. This interaction can occur when there is direct contact 
between the bodies, such as a person pushing on a wall. A force is 
completely characterized by its magnitude, direction, and point of 
application. 

Particle has a mass, but it size can be neglected. 

A rigid body can be considered as a combination! of a 
large number of Particles. 


A particle originally at rest or moving in a 
straight line with constant velocity, tends to remain in this State 
provided the particle is not subjected to an unbalanced force (Fig.1-1). 
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Fig. 1-1 


A particle acted upon by an unbalanced 
force "F" experiences an acceleration "a" that has the same direction 
as the force and a magnitude that is directly proportional to the force 
( Fig. 1-2). If "F" is applied to a particle or mass "m", this law may be 

expressed mathematically as: 


^ F) f £jji\ 

t 3 ( J 1 ! J IpjUwJ US Id L® ^ ■..>* 

m ja 


F = m . a 



particles are equal, opposite, and collinear (Fig. 1-3). 
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Fig. 1-3 



formulating his three laws of motion. Newton postulated a law 
governing the gravitational attraction between any two particles. 
Stated mathematically. 
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c 771^7712 
F = G ^2 

Where 

F: Force of gravitational between the two particles. 

G: Universal constant of gravitation, according to experimental 
evidence. 
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G = 66.73 1(T 12 


nr 


kgs 2 


ml, m2: mass of each of the two particles. 
r: distance between the two particles. 


: Weight refers to the gravitational attraction of the earth on 
a body or quantity of mass. The weight of a particle having a mass is 
stated mathematically. 


W = mg 


Measurements give g = 9.8066 — 


Therefore, a body of mass 1 kg has a weight of 9.81 N, a 2 kg body 
weights 19.62 N, and so on (Fig. 1-4). 





Fig. 1-4 



• The international System of units. Abbreviated SI is a 
modern version which has received worldwide recognition. As 
shown in Tab 1.1. The SI system defines length in meters (m), time in 
seconds (s), and mass in kilograms (kg). In the SI system the unit of 
force, the Newton is a derived unit. Thus, 1 Newton (N) is equal to a 

771 

force required to give 1 kilogram of mass and acceleration of 1 - 7 . 

• In the U.S. Customary system of units (FPS) 
length is measured in feet (ft), time in seconds (s), and force in 
pounds (lb). The unit of mass, called a slug, 1 slug is equal to the 

amount of matter accelerated at 1 ^ when acted upon by a force 
ofllb (1 slug = 1 
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*Derived unit 


Name 

Length 

Time 

Mass 

Force 

International Systems of Units 

meter 

seconds 

kilogram 

Newton * 

SI 

m 

s 

kg 

N k 

S Z 

US Customary 

foot 

second 

Slug* 

pound 

FPS 

ft 

s 

Ib.s 2 

ft 

lb 


ersion of Units: 


Table 1.2 provides a set of direct conversion factors between FPS and SI 
units for the basic quantities. Also in the FPS system, recall that: 


1 ft = 12 in (inches) 1 mile = 5280 ft 1 kp (kilo pound) = 1000 lb 1 ton = 2000 lb 


Table 1.2 Conversion factors 

Quantities 

Unit of Measurement (FPS) 

equals 

Unit of Measurement (SI) 

Force 

lb 


4.448 N 

Mass 

slug 


14.59 kg 

Length 

ft 


0.3048 m 


Prefixes: 


When a numerical quantity is either very Large or very 
small, the units used to define its size may be modified by using a 
prefix. Some of the prefixes used in the SI system are shown in Table 
1.3. Each represents a multiple or submultiples of a unit which, if 
applied successively, moves the decimal point of a numerical quantity 
to every third place. For example, 4000000N=4000kN (kilo- 
newton)=4MN (mega-newton), or 0.005m=5mm (milli-meter). 


AjjLil 


(multiple) ou^uli 
(submultiple) 


Table 1.3 Prefixes 


Exponential Form 

Prefix 

SI Symbol 

Multiple 

1 000 000 000 

10 9 

giga 

G 

1 000 000 

10 6 

mega 

M 

1000 

10 3 

kilo 

K 

Submultiple 

0.001 

10' 3 

milli 

m 

0.000 001 

10' 6 

micro 


0.000 000 001 

10' 9 

nano 

n 
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to —. How many - is this? 

S S 


Ans. 2— = 0.556- = 1.82 — 

h s s 


Exercise 1.2: 


slug 


Convert the quantities 300 lb. s and 52 to appropriate SI units. 

Arts: 300 lb. s = 1.33 kN. s 


52^ = 26.8 

ft m 3 


Exercise 1.3: 

Evaluate each of the following and express with SI units having an appropriate prefix: 
(a) (50 mN)(6 GN) (b) (400 mm)(0.6 MN) 2 (c) 

Ans: (50 mN )(6 GN) = 300 kN 2 


45 MN-= 


900 Gg 

(400 mm)(0.6 MN) 2 = 144 Gm. N 2 


MM 3 kN 3 

45^— = 50 — 

900 Gg kg 


Exercise 3.4; 

Round off the following numbers to three significant figures: 

(a) 4.65735 m (b) 55.578 s (c) 4555 N (d) 2768 kg 

m: (a) 4.66 m (6)55.6 s (c)4.56 kN (d) = 2.77 Mg 

Exercise 1.5: 

Represent each of the following combinations of units in the correct SI form using an appropriate 
prefix: 

(a) pMN (b) N/pm (c) MN/ks 2 (d) kN/ms. 

r \ nr /^Miv r >. iV fi\MN 

Ans: (a) N (b)— (c )-r (d) — 


Exercise 1.6: 

Represent each of the following combinations of units in the correct SI form: 
(a) Mg/ms (b) N/mm (c) mN/(kg. ps). 


(a ) » = S 

ms 


Gg 

s 


(b) — = — 

mm m 


(c) 


mN 
kg.ns 


kN 

kg.s 


Exercise 1.7: 

A rocket has a mass of 250 10 3 slugs on earth. Specify (a) its mass in SI units and (b) its weight in SI 
units. If the rocket is on the moon, where the acceleration due to gravity is g m =5.30 ft/s 2 , determine 
to 3 significant figures (c) its weight in units, and (d) its mass in SI units. 

Am. (a) 3.65 Gg (b) W e = 35.8 MN (c) W m = 5.89 MN rn m = m e = 3.65 Gg 


Exercise 1.8: 

If a car is traveling at 55 mi/h, determine its speed in kilometers per hour and meters per second. 

Ans: (a) 88.514~~ (6)24.6- 

h s 

Exercise 1.9: 

The Pascal (Pa) is actually a very small units of pressure. To show this, convert 1 Pa=l N/m 2 to lb/ft 2 . 
Atmospheric pressure at sea level is 14.7 lb/in 2 . How many Pascals is this? 

Ans: (a) 1 Pa = 20.9 10~ 3 

— ft 2 


(6)1 ATM = 101.34 kPa 
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Exercjse 1.10: 

Two particles have a mass of 8 kg and 12 kg, respectively. If they are 800 mm apart, determine the 
force of gravity acting between them. Compare this result with the weight of each particle. 

Arts : (ci) F = 10.0 nN 


Exercjse 1.11: 

Determines the mass in kilograms of an object that has a weight of: 

(a) 20 mN (b) 150 kN (c)60MN 

(a) m = 2.04 g ( b)m = 15.3 Mg 


Ans : 


(c)m = 6.12 Gg 
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Force Vectors 


2.1 Scalar and vectors 


r 


A scalar is any positive or negative physical quantity that can be 
completely specified by its magnitude. 


QJ&-J j IfejIJliLa 43 'j*£ 


A vector is any physical quantity that requires both a magnitude and 
direction for its complete description. A vector is shown graphically by 
an arrow. The length of the arrow represents the magnitude of the 
vector, and a fixed axis defines the direction of its line of action .The 
head of the arrow indicates the sense of direction of the vector (Fig 2- 
1). 



SJbjj OLoS” OU«S3t 

j IgJfcUM j IfcjUJU A5ycC 

. j 1ft jyU AlaAi 


For handwritten work, it is often convenient to denote a vector 
quantity by simply drawing an arrow on top it A . 


In print, vector quantities are represented by bold face letters such as 
A, and its magnitude of the vector is italicized, A. 


2.2 Vector operations 

Multiplication and division of vector by a scalar: 

If a vector is multiplied by a positive scalar, its magnitude is increased 
by that amount. When multiplied by a negative scalar it will also 
change the directional sense of the vector (Fig 2-2). 
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All vector quantities obey the parallelogram law of addition. Fig 2-3 
and Fig 2-4 and Fig 2-5 illustrates addition of vectors A and B to obtain 
a resultant R. 






_ R _^ 

A H * 

A * ti 

Addition of v«iors 

lip 2-5 


JaiM j~Jij 


Vector subtraction: 


The resultant of the difference between two vectors A and B of the 
same type may be expressed as: 


H' = A — B - A 4 (-R) 
Fig 2-6 illustrates subtraction of vectors A and B 
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2.3 vector addition of forces: 


dUM jJu 
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Experimental evidence has shown that a force is a vector quantity since 
it has a specified magnitude, direction, and sense and it adds according 
to the parallelogram law. 



The two component forces F x and F 2 acting on the pin in Fig 2-7 can be 
added together to form the resultant force 


F r = Fi + F 2 




Sometimes it is necessary to resolve a force into two components in 
order to study its pulling and pushing effect in two specific directions. 
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For example, in Fig 2.8, F is to be resolved into two components along 
two members, defined by u and v (Fig 2.8) 



ddition of several forces: 


If more than two forces are to be added successive applications of the 
parallelogram law can be carried out in order to obtain the resultant 
force. For example if the three forces F 1; F 2 , F 3 act at a point o, the 
resultant of any two of the forces is found (Fi + F 2 ) and then this 
resultant is added to the third force yielding the resultant of all three 
forces (Fr = (Fi + F£) + fj) (Fig 2-9). 





F2 J Fj ^ 

JF 3 

Fr 





Redraw a half portion of the parallelogram to illustrate the triangular 
head to tail addition of the components. From this triangle, the 
magnitude of the resultant force can be determined using the law of 
cosines, and its direction is determined from the law of sines . 

The magnitudes of two force components are determined from the law 
of sines. The formulas are given in Fig 2-10 
cosine law: 
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C = Vi4 2 + B 2 — 2AB cos c 


A _ B _ C 
sin a sin b sin c 
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C 


Cosine law; 

C -vA' 4 iff* 2ABcc€c 
Sine law. 

A = J? 

sin u sin b sin i 
(C) 

Fig 2-10 


Exercise 2.1: 

The screw eye in Fig 2-11 is subjected 
to two forces, F t and F 2 . Determine 
the magnitude and direction of the 
resultant force. 


Fig 2-11 


Arts : F r = 213 N 0 = 54.7° 



Exercise 2.2: 

Resolve the horizontal 6001b force in fig 2.12 

into components action along the u and v axes 

and determine the magnitudes of these components. 


Fig 2-12 



Ans: F u = 1039 lb F v = 600 lb 
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Exercise 2.3: 

Determine the magnitude of the component force F 
in Fig 2-13 and the magnitude of the resultant force F R if F R 
is directed a long the positive y axis. 


Fig 2-13 



Ans: F = 245 lb F R = 273 lb 


Exercise 2.4: 

It is required that the resultant force acting on 
the eyebolt in Fig 2.14 be directed along the positive x 
axis and that F 2 have a minimum magnitude. 
Determine this magnitude, the angle 0, and the 
corresponding resultant force. 


Fig 2-14 



Ans: 9 = 90° F R = 400 N F 2 = 693 N 


Exercise 2.5: 

Determine the magnitude of the resultant force acting 
on the screw eye and its direction measured clockwise 
from the x axis. 


Exercise 2.6: 

Two forces act on the hook. Determine the 
magnitude of the resultant force. 


Fig 2-16 


Fig 2-15 



Ans: F r = 6.80 kN 0 = 103° 



200 N 


Ans: F r = 666 N 
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Exercise 2.7: 

Resolve the 30 lb force into components along 
the u and v axes and determine the magnitude 
of each of these components. 


Fig 2-17 


Ans: F u = 22.0 lb F v = 15.5 lb 



Exercise 2.8: 

If force F is to have a component along the u axis 
of Fu=6 kN, determine the magnitude of F and 
the magnitude of its component F v along the v axis. 



Exercise 2.9: 

If 0 = 60° and r=5kN, determine the magnitude of 

the resultant force acting on the eyebolt and 

its direction measured clockwise from the positive x axis. 


Fig 2-19 



Ans: F r = 10.47kN 0 = 17.5° 


Exercise 2.10: 

Resolve F x into components along u and vaxes and 
determine the magnitudes of these components. 


Fig 2-20 


u 



Ans: F u = 386 lb 


F v = 283 lb 
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Exercise 2.11: 

Resolve F 2 into components along u and v axes, and determine the magnitudes of these components. 

See Fig 2-20 


Ans: F u = 150 lb 


F v = 260 lb 


Exercise 2.12: 

The plate is subjected to the two forces at A and B 
as shown. If 0=60° determine the magnitude of 
the resultant of these two forces and its direction 
measured clockwise from the horizontal. 


Fig 2-21 



Ans: F r = 10.8 kN 0 = 3.16° 

Exercise 2.13: 

Determine the angle of 0 for connecting member A to the plate so that the resultant force of F A and 

F b is directed horizontally to the right. Also what is the magnitude of the resultant force? 

See Fig 2-21 

Ans: 6 = 54.9° F R = 10.4 KN 


Exercise 2.14: 

The beam is to be hoisted using two chains. If the 
resultant force is to be 600 N directed along the 
positive y axis, determine the magnitudes of 
forces F a and F B acting on each chain and the 
angle 0 of F B so that the magnitude of F B is 
minimum, F A act at 30° from the y axis as shown. 



Ans: F a = 520 N F B = 300 N 


Fig 2-22 
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addition of a system of coplanar forces 

When a force in resolved into two components along the x and y axes 
the components are then called rectangular components. 

The rectangular components of force F shown in Fig 2.23 are foun 
using the parallelogram law, so that 



* = % + % 

F x = F cos 6 


UA J-. w J ' 

j S' jfl 

4.J I j 


F y = F sin 9 



instead of using the angle 0, the direction of F can also be defined 
using a small "slope" triangle, such as shown in fig 2.24 



jJuail CJill j&£ 

£j\Sjfi 4350 i\ 
.3 


F X _ a 
F — c 



And 


— = - => r 

f c y 



F 


It is also possible to represent the x and y components of a force in 
terms of Cartesian unit vectors i and j (Fig 2.25). 
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■4 

We can express F as a Cartesian vector. 


F = FJ+ Fy J 

In coplanar force resultant case, each force is resolved into its x and y 
components, and then the respective components are added using 
scalar algebra since they are collinear. For example, consider the three 
concurrent forces in Fig 2.26. 



Each force is represented as a Cartesian vector. 


Fi = F lx i + F ly j 


F 2 — — F 2x i + F 2y j 


F 3 — F 3x t — F 3y j 


The vector resultant is therefore. 

Fj? = F x + F 2 + F 3 = (F lx + F 2x + F 3x ) 1 + (F ly + F 2y + F 3y )j 
f^ = fT + ^ + ^= (F Rx ) 1 + (F Ry )f 
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We can represent the components of the resultant force of any 
number of coplanar forces symbolically by the algebraic sum 
the x and y components of all the forces. 


Frx ~ 

F R y = SFy 

Once these components are determined, they may be sketched along 
the x and y axes with their proper sense of direction, and the resultant 
force can be determined from vector addition as shown in Fig 2-27. 

The magnitude of F R is then found from the by Pythagorean theorem: 

that is 



jJaj JU>jcu*ib 

OlidiuUJ Oj 

iuiUah 



Fig 2-27 
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Ans: F lx = —100 N 


F ly = 173 N F 2x = 240 N F 2y = -100 N 
X = (-100! + 173]) N = (240! - lOOj) N 


Exercise 2.16; 

The link in Fig 2.29 is subjected to two forces and F 2 . 
Determine the magnitude and direction of the resultant 
force. 

Fig 2-29 


Ans: F r = 629 N 9 = 67.9° 


Exercise 2.17: 

The end of boom O in Fig 2.30 is subjected to three 
concurrent and coplanar forces. Determine the 
magnitude and direction of the resultant force. 

Fig 2-30 


Ans: F r = 485 N 9 = 37.8° 



Exercise 2.18: 

Resolve each force acting on the post into its x and y 
components. 

Fig 2-31 



F 2x = -318N 


F 2y = 318 N 


F 3x = 360 N 


Ans: F lx = O N 


F ly = 300 N 


F 3y = 480 N 
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Ans: F r = 1254 lb & = 78.68° 0 = 180 + <P = 259° 


Exercise 2.21: 

If the resultant force acting on the bracket is to 
be 750 N directed along the positive x axis, 
determine the magnitude of F and its direction 0. 



Ans: 0 = 31.76° F = 236 N 
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Ans: F r = 1.03 kN 9 = 87.9° 


Exercise 2.23: 

Determine the magnitude and direction 
measured counterclockwise from the positive 
x axis of the resultant force acting on the ring 
at O, if F a = 750 N and 0 = 45°. 

Fig 2-36 



Exercise 2.24: 

Express each of the three forces acting on the 
bracket in Cartesian vector form with 
respect to the x and y axes. Determine the 
magnitude and direction 0 of F x so that the 
resultant force is directed along the positive 
x' axis and has a magnitude of F R = 600 N. 


Ans: F r = 1.23 kN 9 = 6.08° 



Ans: F 1 = 434.5 N 9 = 67° 


Fig 2-37 
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Cartesian vectors 

A vector A may have three rectangular components along the x, y, z 
coordinate axes and is represented by the vector sum of its three 
rectangular components (Fig 2-38). 


A — A x + Ay + A z 



J 5 

dJteJi juJt 
OlT jA Us 

z j y j x 


In three dimensions, the set of Cartesian unit 1, j, k is used to designate 
the directions of the x, y, z axes, respectively. The positive Cartesian unit 
vectors are shown in Fig 2-39. 


7 

Fig. 2.39 

We can write A in Cartesian vector form as 

A = A x i + Ay) + A z k 




1 iJjlSyjJl id?- 

A iLftS jl>jxS k j jj 


The magnitude of A is expressed in Cartesian vector from as 
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A = y[A% + Aj + i4f 

The direction of A is defined by the coordinate direction 

angles a, (3, and y (Fig 2.40). 

Ax Ay Ag 

cos oc = — cos 6= — cos v = — 
A A A 


With 


COS 2 oc + COS 2 /? + COS 2 7 = 1 



The addition (or subtraction) of two or more vectors are greatly 
simplified in terms of their Cartesian components. For example, the 
resultant R in Fig 2.41 is written as 

R = (Ax + B x ) l + (Ay + By) j + (A z + B z ) k 




If this is generalized and applied to a system of several concurrent 
forces, then the force resultant is the vector sum of all the forces in the 
system and can be written as 

F r = 2F = SF x i + SF y ) + ZF z k 


27 
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Exercise 2.25: 

Express the force F shown in Fig 2.38 as a 
cartesian vector. 




Ans: F r = 191 lb cos oc = 0.2617 oc= 74.8° cos/? = -0.2094 /? = 102° 

cosy = 0.9422 y = 19,6° 



Ans:F = {35.4 1-35.4 j +86.6 k} lb oc= 69.3° p = 111° y = 30° 
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Exercjse 2.28: 

Two forces act on the hook in Fig 2-41, 
specify the magnitude of F 2 and its coordinate 
direction angles of F 2 that the resultant 
force F r acts along the positive y axis and has 
magnitude of 800 N. 


Fig 2-41 







W- ~ j - V 

/*■ 

/ 

X 

\ «i 

A 

Ft = 31X1 N 

700 N 

-212.1 

COS OCo = - => OCo = 

z 700 z 


n 650 

cos [3? = — 

r2 700 

150 

COS Y? = 777777 

rz 700 


P 2 = 21.8° 
y 2 = 77.6° 


Exercise 2.29: 

Determine its coordinate direction angles 
of the force. 



Ans: oc= 52.2° p = 52.2° y = 120° 


Exercise 2.30: 

Express the force as a Cartesian vector. 


Fig 2-43 



Ans: F = (2651 - 459 j + 530 k}N 
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Exercise 2.31: 

Determine the resultant force acting on the hook. 


Fig 2-45 



Exercise 2.32: 

The mast is subject to the three forces shown. 
Determine the coordinate direction 
angles ai, Pi, yi of F x so that the resultant 
force acting on the mast is F R = {350 T} N. 
Take Fi=500 N. 


Fig 2-46 


Ans: oq= 45.6° ft = 53.1° Yi = 66.4° 



Exercise 2.33: 

The mast is subject to the three forces shown. Determine the coordinate direction angles ai, pi, yi of 
F x so that the resultant force acting on the mast is zero (see Fig. 2.46). 

Ans: oc 1= 90° ft = 53.1° y t = 66.4° 


Exercise 2.34: 

The two forces F x and F 2 acting at A have a 
resultant force of F r = {—100 k} lb. 
Determine the magnitude and coordinate 
direction angles of F 2 . 



Ans: F 2 = 66.4 lb 


oc== 59.8 


p = 107 


y = 144' 
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Position Vectors 

In the more general case, the position vector may be directed from 
point A to point B in space. Fig. 2-48. This vector is also designated by 
the symbol r. As a smaller of convention, we will sometimes refer to this 
vector with two subscripts to indicate from and to the point where it is 
directed. Thus, r can also be designated as r AB . Also, note that r A and r B 
in Fig. 2-48, are referenced with only one subscript since they extend 
from the origin of coordinates. 


From Fig. 2-48, by the head-to-tail vector addition, using the triangle 
We require: 


?A + ? = ?B 


Fig 2-48 




Solving for T and expressing r A and r B in Cartesian vector form yields 


r = = (x B - x A )\ + (y B - y A )j + (z B - z A )k 


Exercise 2.35: 

An elastic rubber band is attached to points A and B as 
shown in Fig 2-49. Determine its length and its 
direction measured from A towards B. 

Fig 2-49 


Ans: r = 7 m oc== 115° (3=73.4° y = 31° 
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Dot Product 

_> _» _ _ _ _ 

the dot Product of vectors A and B written A. B and read Adot B is 

defined as the product of the magnitudes of A and B and the cosine of 
the angle 0 between their tails (Fig 2.50). 

expressed in equation form. 


A. B = AB cos 9 


( 2 . 1 ) 


d ■ ft S* 

(scalar) 


Where 


0°< 9 <180° 


Fig 2-50 



equation 2.1 must be used to find the dot product for any two Cartesian 
unit vectors. 


For example: 

1.1 = (1)(1) cos 0° = 1 
l.j = (1)(1) cos 90° = 0 


1-1 = 1 
j.k= 0 


k.k = 1 
j.k= 0 


if we want to find the dot product of two general vectors A and B that 
are expressed in Cartesian vector form, then we have 


OjJaJl OJLPli J*JaJ 


A. B — (A x i + Ay) + + Byj + 


A.B = A t B :t (i.i) + B y (l.j) + A x B z (i.k) + A y B x (Jlf) + A y B y (JJ) + A y B y (j.k) + A z B x (k.i) + A z B y (k.j) + A z B z (k.k) 

A. B = A x B x + Ay By + A z B z (2.2) 

We deduce that the angle forces between two vectors can be written as 


9 = cos 1 



Where 


0° < 0 < 180 
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we notice that if 


A. B = 0 


9 = cos 1 0 = 90° 


so that A will be perpendicular to B. 

In the case of line a as shown in figure 2-51, and if the direction of the 
line is specified by the unit then since u a = 1, we can determine the 
magnitude of A a directly from the dot product 

A a = A cosO 

A.u^ = A.l.cosO = A cosO => A a = A.u^ 


Notice that if this result is positive, then A a has a directional sense 
which is the same as u^, whereas if A a is a negative scalar, then A a has 
the opposite sense of direction u^. The component A a represented as a 
vector is therefore 



A a -^a^a 

The component of A that is perpendicular to line a (A ± ) can also be 
obtained from Figure 2-51. Therefore 

A ± = A sinO with 0 = cos -1 

Alternatively as if A a is known then by Pythagorean's theorem we can 
also write 



A± = aM 2 - Al 


Exercise 2.36: 

Determine the magnitude of the projection of the 
force F in Fig 2-52 onto the u and v axes 
( we note that these projections are not equal 
to the magnitudes of the components of force F 
along u and v found from the parallelogram law. 

They will only equal if the u and v axes are perpendicular 
to another). 

Fig 2-52 


Ans: ( F u ) proj = 70.7 N ( F v ) proj = 96.6 N 
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Exercise 2.37: 

The frame shown in Fig 2-53 is subjected to a 


horizontal force F = {3001}. Determine the 
magnitude of the components of this force 
parallel and prependicularto member AB. 



Exercise 2.38: 

The pipe in Fig 2.54 is subjected to the force 
of F = 80 lb. Determine the angle 9 
between F and the pipe segment BA 
and the projection of F Along this segment. 


Fig 2-54 


Ans: 9 = 42.5° F BA = 59 lb 



Exercise 2.39: 

Determine the angle 9 between the force 
and line AB. 



Ans: 9 = 68.9 
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Equilibrium of a Particle 


3.1 Condition for the equilibrium of a particle. 


A particle is said to be in equilibrium if it remains at rest if originally at 
rest, or has a constant velocity if originally in motion, to maintain 
equilibrium, it is necessary to satisfy Newton's first law of motion which 
requires the resultant force acting on a particle to be equal to zero. This 
condition may be stated mathematically as 

IF=0 (3.1) 

Where £ F is the vector sum of all the forces acting on the particle. 


jA d}\y ^0 

tj'iL&A ojSi ol 
o J )jil 

.jii+0 


3.2 The free body diagram 

A drawing that shows the particle with all the forces that act on it is 
called a free body diagram (FBD). 



ijip 

■>' 


We will consider a springs connections often encountered in particle 
equilibrium problems. 


If a linearly elastic spring of undeformed length l 0 is used to 
support a particle, the length of the spring will change in direct 
proportion to the force F acting on it, Fig 3.1. A characteristic that 
defines the elasticity of a spring is the spring constant or stiffness k. 

The magnitude of force exerted on a linearly elastic spring is stated as 


F = ks 


Where 



jJl 

<Syh\ 4 j jA 

o\J-\j UJall AlaPUaj) 

jA jjjl&i 
jb j&u 

•tH" 1 £* 


j ^0 J* Cfct c3 jA S 

.Ajjji) CjIj jA k 4*3 ja 


Fig 3.1 
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ollowing example shows a drawing of the free body diagram of a sphere. 


The sphere has a mass of 6 ki> and is supported as shown. 

Draw a frcc-body diagram of the sphere, the cord CE. and the knot at C. 



JS - ji-\ iaiaiS j^aj 

J tM - ' jt£j 

.C OJLiuii 



Sphere. i. there u :»rccs acting (O the 

sphere, namely, its weight. 6 kg (9.81 m/s 2 ) = 5X 9 N. and the lorcc of 
cord CE. The frcc-bodv diagram is shown in Fig. 

4 W 


F/ C (Force ot knot acting on cord CE) 


t Force of spbeie .kill 


(c) 


V t !IA (Force of cord CBA acting on knot) 


rV 


Cord CE. When the cord CE is isolated from its surroundings, its 
free-body diagram shows only two forces acting on it, namely, the 
force of the sphere and the force of the knot. Fig. 3-3c. Notice that 
F t /C shown here is equal hut opposite to that shown ii h, a 

consequence of Newton’s third law of action-reaction. Also. F c £ and 
¥ec pull on the cord and keep it in tension so that it docsn t collapse. 
For equilibrium. Fce = FEC* 


Knot. The knot at C is subjected to three forces. They are 

caused hv the cords CBA and CE and the spring CD. As required, 
the free-body diagram shows all these forces labeled with their 
magnitudes and directions. It is important to recognize that the weight 
of the sphere does not directly act on the knot. Instead, the cord CE 
subjects the knot to this force. 


¥ C n (Force of spring acting on knot) 


F( j- {Force of cord CE acting on knot) 

«l) 
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oplanar force systems 


If a particle is subjected to a system of coplanar forces as in Fig 3-2, then 
each force can be resolved into its 1 an j components. For equilibrium 



j UuT jA tSjSJl JJL£ Jbu 

OJ* J 


.0 



0 
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Exercjse 3.1: 

Determine the tension in cables BA and BC 
necessary to support the 60 kg cylinder in fig 3-3. 


Fig 3-3 



Arts: T c = 476 N T A = 420 N 


Exercise 3.2; 

The 200 kg crate in fig 3.4 a is suppended using 
the ropes AB and AC. Each rope can withstand 
a maximum forces of 10 kN, before it breaks. 

If AB always remains horizontally, determine 
the smallest angle 0 to which the crate can be 
suspended before one of the ropes breaks. 



Ans: 9 = 11.31° F B = 9.81 N 


Exercise 3.3: 

Determine the required length of AC in fig 3.5 
so that the 8 kg lamp can be suspended in 
the position shown. The undeformed length 
of spring AB is I ab =0A m, and the spring has 
a stiffness of k A B =300 N/m. 



Ans: l AC = 1.32 m 


Fig 3-5 
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Exercise 3.4: 

The crate has a weight of 550 lb. Determine the 
force in each supporting cable. 



Arts: F ab = 478 lb F AC = 518 lb 


Exercise 3.5: 

If the mass of cylinder C is 40 kg, determine 
the mass of cylinder A in order to hold the 
assembly in the position shown. 



Arts: 2 Fy — 0 m a = 20 kg 


Exercise 3.6: 

The members of a truss are connected to 
the gusset plate. If the forces are 
concurrent at point O, determine 
the magnitudes of F and T for equilibrium. 

Take 0 = 30°. 

Fig 3-8 



Ans: T = 13.3 kN F = 10.2 kN 


Exercise 3.7: 

The gusset plate is subjected to the forces of four members. Determine the force in member B and its 
proper orientation 0 for equilibrium. The forces are concurrent at point O. Take F = 12 kN. 

See Fig 3-8 


Ans: T = 14.3 kN 


9 = 36.27 




























Lecture Notes and Exercises on STATICS 



Exercjse 3.8: 

The 200 lb uniform tank is suspended by 
means of a 6 ft long cable which is attached 
to the sides of the tank and passes over 
the small pulley located at O. If the 
cable can be attached at either points A 
and B or C and D. Determine which 
attachment produces the least amount of 
Tension in the cable. What is this tension? 


Fig 3-9 



Arts: T = 106 lb related to CD attachemen 


3.4 Three dimensional force systems 


In the case of three dimensional force system, as in fig 3.10, we can 
resolve the forces into their respective l, j, k components For 

equilibrium, so that. 


XM + £F y I + £F k k = 0 


AjIj£ 

<J£ oLaJl jjljSVI 
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Exercise 3.9: 

A 90 lb is suspended from the hook shown in fig 3-11. 
If the load is supported by two cables and a spring 
having a stiffness k = 500 Ib/ft, determine the 
force in cables and the stretch of the spring for 
equilibrium. Cable AD lies in the x-y plane and 
cable AC lies in x-z plane. 



Ans: F c = 150 lb F D = 240 lb 


F b = 207.8 lb 


S AB = 0.416 ft 


Exercise 3.10: 

The 10 kg lamp in fig 3.12 is suspended from 
the three equal length cords. Determine its 
smallest vertical distance s from the ceiling 
if the force developed in any cord is not allowed 
to exceed 50N. 


Fig 3-12 



Ans: S = 519 mm 
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Exercise 3.12: 

Determine the tension in each cord used to support 
the 100 kg crate shown fig 3-14. 


Fig 3-14 


. * 


B r -^ » 

= 15 kN in'-/ 



'f 


2 m 

1K 

A 


O 


m 



Arts: F c = 813 N 

Exercise 3.13: 

The 150 lb crate is supported by cables AB, AC 
and AD. Determine the tension in these wires. 


Arts: F b = 162 lb 


F d = 862 N F b = 694 N 



Fig 3-15 


Exercise 3.14: 

The ends of the three cables are attached 
to a ring at A and to the edge of a uniform 
150 kg plate. Determine the tension in 
each of the cables for equilibrium. 


Fig 3-16 



Arts: F b = 858 N 


F c = 0 N F d = 858 N 
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Force System Resultants 


4.1 Moment of a force scalar formulation. 


The moment M„ about point O, or about an axis passing through 0 and 
perpendicular to the plane, is a vector quantity since it has a specified 



M 0 = F.d 


& 1 


Where d is the moment arm or perpendicular distance from the axis at 
point O to the line of action of the force. Units of moment is N.m or 

Ib.ft. 

The direction of M 0 is defined by its moment axis which is 
perpendicular to the plane that contains the force F and its moment 
arm d. The right-hand rule is used establish the sense of the direction of 

X • 


d gJjiSLi Auaij 
Sjill J-aC- JaS. 

C-jLuA 
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For two dimensional problems, where all the forces lie within the x-y 
plane, fig 4-2, the resultant moment (M R ) 0 about point O (the z axis) 
can be determined by finding the algebraic sum of the moments caused 
by all the forces in the system. As a convention we will generally 
consider positive moments as a counterclockwise since they are 
directed along the positive z axis (out of page). Clockwise moments will 
be negative. Using the sign convention, the resultant moment in fig 4-3 
is therefore 


U) JjA fjxll JJJJU 
dlaui (j\S 

l-lILuj j Af'LuJl ljjU&p 
(jj&l jA AAl^jj |i) 
Af'LuJj l-jjIIp dl 



For each case illustrated below, the moments of the forces are: 


WON 



M 0 = (I0<> N)(2 m) = 200 N* m «*) 




M 0 = (50N)((JJ5m) - 37.5 N -m ^ 


- (4U lb)(4 ft + 2 cos30° ft) = ZWib-fi 
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3 ft 


I * sin 45 it 

^ ‘Tolb 


M 0 ~ (60 sin 45'' ft) - 42.4 MWi > 


- : in * 



o 


;V/ ( ) = (7kN)(4 in - 1 m) = 21.0kN‘Hi ) 
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Exercise 4.1: 

Determine the resultant moment of the four 
Forces acting on the rod shown in fig 4-3 
about point 0. 


Fig 4-3 



Arts: M Rq = — 334 N. m 


4.2 Cross product 



And read C equals A cross B. 

—> —> 

The magnitude of C is defined as the product of the magnitudes A and 

B and the sine of the angle 0 between their tails (0° < 0 < 180°), thus 


C = A B sin 6 


(jfr sjUfr ujAtail juU <jV 

u' ‘(vector) 

ujJaJI J^aLa. 
(jjSj AAlajl t44u jA 
ill (J k- bJ>4& 

A2itau ^Ja*j jlJAa 

.c 

dJlIiJl Aalalt sLxil AijX4 (jSm 
JjII a-Sfrli ‘A**., ..I. 


C has a direction that is perpendicular to the plane containing A 
such that C is specified by the right-hand rule. 

Knowing both the magnitude and direction of C, we can write 

C = AxB = (j 4B sin0)u^ 4.3 

Where the scalar (A B sin 0) defines the magnitude of C 
and the unit vector defines the direction of C (fig 4-4). 

Laws of operation: 






















0 
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a(A x B) = (aA) x B = A x (aB) = (Ax B)a (associative law) 
A x (B + D) = (A x B) + (A x D) (distributive law) 


Cartesian vector formulation: 


Equation 4.3 may be used to find the cross product of any pair of 
Cartesian unit vectors. For example, to find i x j, the magnitude of the 
resultant vector is 




cjj-uail A\\a& 


(00')sm90° = (1)(1)(1) = 1 
(i)(i)sinO° = 0 


and its direction is determined using the right-hand rule (fig 4-6), the 
resultant vector points in the + k direction. Thus l x j = (Dk. 

In similar maner. 


1 x j = k. 
jxk= 1 
k x i = j 


i x k = -j 
j x i = -k 
k x j = -i 


1X1 = 0 

T x 1 = ° 

k x k = o 






















Let us now consider the cross product of two 
general vectors A and B. 


A x B — (Aj .1 + Ayj + A z k) x (^B x 1 + By j + B z k) 

A x B = (A x B x (i xi)+A x B y (ixj)+ A X B Z (i x k) 

+A y B x (j x T) + Ay By (j x j) + Ay B z (j x k) 

+A Z B X (k x i) + A z B y (k x j) + A z B z (k x k) 

A x B = (A y 5 z - A z B y )l — (A X B Z - A z B x )j + (A x 5 y - A y 5 x )k 


This equation may also be written in a more compact determinant form 
as 


Ax B = 



-w> 

J 

Ay 

ljr 

- 


1 

A x 

K 


*\\< Joju ^ Liu VI 
AjfcUJl (jh (jjuu jA 

B x 

By 

B z 



4.3 Moment of a force - vector formulation 

The moment of a force F about a point O (fig 4-8) 
can be expressed using the vector cross product namely 


M 0 = F x F 

Here r represents a position vector direct 
from O to any point on the line of dction of F. 


4.4 



Moment axis 

1 

f M„ 

s' 

k 

yS 

\r: 

r 

lo 

F 


Fig 4-8 



The magnitude of the cross product is defined from Eq. 4-3 as 

M 0 = r F sinO 


4JUJI A&jlSL 
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were 9 is measured between the tails of r and F. 

The direction and sense of M 0 in Eq. 4-4 

are determined by the right-hand rule as it applies 

to the cross product (fig 4-9). 



If we establish x, y, z coordinate axes, then the position vector r and 
force F can be expressed as Cartesian vectors (fig 4-10) 


M n = r x F = 


i j k 

r x r y r z 

F x Py Pz 


Where r x , r y , r z represent thex, y, z components 
of the position vector drawn from point O to any 
point on the line of action of the force. 

F x , F y , F z represent the x, y, z of the force vector. 




If a body is acted upon by a system of forces (fig 4-11), the resultant 
moment of the forces about point O can be determined by vector 
addition of the moment of each force. This resultant can be written 
symbolically as 

M^CrxF) 




/ 


Fig 4-11 


jjjIj cIaaj LLil <jl£ 

A Lx a Als&l J 
jUl f 
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Exercise 4.2: 


Express the moment produces by the force F in 
Fig 4-12 about point O, as a Cartesian vector. 


Fig 4-12 


Arts: M Ro 



= £(r x F) = {— 16.5i - 5.51j} kN. m 


Exercise 4.3: 

Two forces act on the rod shown in fig 4-13. 
Determine the resultant moment they create 
about the flange at O. Express the result as a 
Cartesian vector. 



Ans: M^ 0 = £(r x F) = (30i - 40j + 60k} lb. ft 


4.4 Principle of moments 


The principle of moments is referred to the French mathematician 
Varignon (1654-1722). It states that the moment of a force about a 
point is equal to the sum of the moments of the components of the 
force about the point. If we consider the case of fig 4-14, we have. 


jtuu 4jali sj2 ^ 

&4A CjU£j-4 J) 4^4 

(Jm&i Jd jSII 


M 0 = r x F = r x (F x + F 2 ) = r x Fj + r x F 2 
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Fig 4-14 



Exercise 4.4: 

Determine the moment of the force in 
fig 4-15 about the point 0. 


Fig 4-15 




Exercise 4.6: 


Force F acts at the end of the 

iP 

angle bracket shown in fig 4-17. 

m, - 

Determine the moment of the force 


about point 0. 

** v 1 - 

Fig 4-17 

r 04 - \ 


rA 


* /• - 40(1 N 


Ans: = {-98.6k} N. 
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Exercise 4.7: 

Determine the moment of the force 
about point 0. 



Arts: Mq = 36.7 N.m 


Exercise 4.8: 

The two boys push the gate with forces 
of F a = 30 lb and F B = 50 lb as shown. 
Determine the moment of each force 
about C. Which way willthe gate rotate 
clockwise or counterclockwise Fig 4-19 

Neglect the thickness of the gate. 



Ans: (M Fa ) c = —162 lb. ft {M Fb ) c = 260 lb. ft 
since (M Fb ) > (M Fa ) the gate will rotate counterclockwise 


Exercise 4.9: 

Two boys push on the gate as shown. If the boy at B exerts a force of F B = 30 lb , determine the 
magnitude of the force F A the boy at A must exert in order to prevent the gate from turning. Neglect 
the thickness of the gate. 


See Fig 4-19 


Ans: F a = 28.9 lb 


4.5 Moment of a Force about a specified axis 


Scalar analysis 


In general, for any axis (fig 4-20) the moment is 

M a =F d a 


Vector Analysis 



If the vectors are written in Cartesian form, we have 


















M a = vQ. (r x F) = r x r y r z 

F x Fy Pz 
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Where u ax , u ay ,u az represent the x, y, z components of unit vector 
defining the direction of the a axis. 

r x > r y > r z represent the x, y, z components of the position vector 
extended from any point O on the a axis to any point A on the line of 
action of the force. 

F x , F y , F z represent the x, y, z components of the force vector. 

Once M a is determined, we can then express M a as a Cartesian vector 
namely. 


Ua 


Exercise 4.10: 

Determine the moment M AB produced 
by the force F in fig 4-21, which 
tends to rotate the rod about the AB axis. 


Fig 4-21 


/ >» 


x 



0,3 m 


04 m 


Ans: M ab = {72i + 36j} N. m 


Exercise 4.11: 

Determine the magnitude of the moment of 
force F about segment OA of force the pipe 
assembly in fig 4-24a 


0.5 m 


D ' 


Fig 4-22 


F - 300 N 



Ans: M oa = 100 N.m 
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Exercise 4.12: 



Exercise 4.13 

Determine the magnitude of the moment of the force F = (3007— 200} + 150k} N about the OA 
axis. Express the result as a Cartesian vector 


See Fig 4-23 


Arts: M oa = —72 N. m 


4.6 Moment of a couple 


a couple is defined as a two parallel forces that have the same 
magnitude, but opposite directions, and are separated by a 
perpendicular distance d (fig 4-24). The moment produced by a couple 
is called a couple moment. 


The moment of a couple M (fig 4-25), is defined as having a magnitude 
of 

M = F d 

Where F is the magnitude of one of the (forces and d is the 
perpendicular distance or moment arm between the forces. The 
direction and sense of the couple moment are determined by the right 
hand rule. M will act perpendicular to the plane containing these forces. 


jjjLj 4JL <_ijau 

j j j\SLA\ yk 

4\\*a 



Fig 4-25 
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rmulation 


The moment of a couple can also be expressed by the vector Cross 
product as 


M = r x F 


esultant couple momeni 


Since couple moments are vectors, their resultant can be determined by 
vector addition. 

If more than two couple moments act on the body, we may generalize 
this concept and write the vector resultant as 

M^ = ^(rxF) 


Exercise 4.14: 

Determine the resultant couple moment of 
the three couples acting on the plate in fig 4-26. 


Fig 4-26 


Exercise 4.15: 

Determine the magnitude and direction of the 
couple moment acting on the gear in fig 4-27. 


Fig 4-27 


Arts: M = 43.9 N. m 



Arts: M r = —950 lb. ft 
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Exercise 4.16: 



Exercise 4.17: 

Replace the two couples acting on the pipe 
Column in fig 4-29 by a resultant couple moment. 


Fig 4-29 


Arts: M^ = (60 i + 22.5 j + 30k}N.m 



Exercise 4.18: 

Determine the couple moment acting 
on the pipe assembly and express the 
result as a Cartesian vector. 



Ans: M c = r AB ' x F B = (l08 j + 144 k} N. m 
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Exercjse 4.19: 

Two couples act on the beam as shown. 

Determine the magnitude of F so that the 
resultant couple moment is 300 Ib.ft couterclokwise. 
Where on the beam does the resultant couple act? 

Fig 4-31 



Arts: F = 167 lb 
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Equilibrium Of A Rigid Body 


5.1 Conditions for Rigid-Body Equilibrium 

As shown in fig 5-1 the body is subjected to an external force couple 
moment system that is the result of the effects of gravitational. 
Electrical, magnetic, or contact forces caused by adjacent bodies. 



Using the methods of the previous chapter, the force and couple 
moment system acting on a body can be reduced to an equivalent 
resultant force and resultant couple moment at any arbitrary point 0 on 

or off the body, Fig 5-1 b. If this resultant force and couple moment are 
both equal to zero then the body is said to be in equilibrium. 

Mathematically. The equilibrium of a body is expressed as 
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5.2 Free-Body Diagrams 

This diagram is a sketch of the outlined shape of the body, which 
represents is as being isolated or "free" from its surroundings, i.e. a 
"free body" on this sketch it is necessary to show all the forces and 
couple moments that the surroundings exert on the body so that these 
effects can be accounted for when the equations of equilibrium are 
applied. A thorough understanding of how to draw a free-body diagram 
is of primary importance for solving problems in mechanics. 


Before presenting a formal procedure as to how to 
draw a free body diagram, we will first consider the various types of reactions 
that occur at supports and points of contact between bodies subjected to 
coplanar force systems. As a general rule. 


• If a support prevents the translation of a body in a given direction, 
then a force is developed on the body in that direction. 
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• If rotation is prevented, a couple moment is exerted on the body. 


For example let us consider three ways in which a horizontal member. 
Such as a beam is supported at its end. One method consists of a roller 
or cylinder, Fig.5-2a. Since this support only prevents the beam from 
translating in the vertical direction, the roller will only exert a force on 
the beam in this direction, Fig.5-2b. 

The beam can be supported in a more restrictive manner by using a 
pin, fig. 5-2c. The pin passes through a hole in the beam and two leaves 
which are fixed to the ground. Here the pin can prevent translation of 
the beam in any direction 0, Fig.5-2d, and so the pin must exert a force 
F on the beam this direction. For purposes of analysis, it is generally 
easier to represent this resultant force F by its two rectangular 
components F x and F y , fig 5-2e. If F x and F y are known then F and 0 can 
be calculated. 

The most restrictive way to support the beam would be to use a fixed 
support as shown in fig 5-2f. This support will prevent both translation 
and rotation of the beam. To do this a force and couple moment must 
be developed on the beam at its point of connection. Fig 5-2g. As in the 
case of the pin, the force is usually represented by its rectangular 
components F x and F y . 
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I 

able 5-1 lists other common types of supports for bodies subjected to 
coplanar force systems. (In all cases the angle 0 is assumed to be 
known.) 
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TABLE S-1 Supports for Rigid Bodies Subjected to Two-Dimonstonal Force Systems 


Types of Connection 

Reaction 

Number of Unknowns 

xV i 



One unknown. The reaction is a tension force which acts 
away from the member in the direction of the cable. 

cable 




2) 4\ 




i • y 

or 

y% 

One unknow n. The reaction is a force w hich acts along 
the axis of the link. 


3) 



roller 



One unknown. The reaction is a force which acts 
perpendicular to the surface at the point of contact. 


4) 



roller or pin in 
mfined smooth slot 


or One unknown. The reaction is a force which acts 

F perpendicular to the slot. 


5 ) 



rocker 


6 ) 



tooth contacting 
surface 



F 



F 


One unknown. The reaction is a force which acts 
perpendicular to the surface at the point of contact. 


One unknown. The reaction is a force w hich acts 
perpendicular to the surface at the point of contact. 


7) 



ember pin connected 
i collar on smooth rod 


One unknown. The reaction is a force which acts 
perpendicular to the rod. 


continued 
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Types of Connection 


Reaction 


Number of Unknowns 



Two unknowns. The reactions arc two components of 
force, or the magnitude and direction 4 of the resultant 
force. Note that and h are not necessarily equal [usually 
not. unless the rod shown ts a link as in (2)j. 


smooth pin or hinge 




Two unknowns. The reactions are the couple moment 
and the force which acts perpendicular to the rod. 


member fixed connected 
to collar on smooth rod 



Three unknowns. The reactions are the couple moment 
and the two force components, or the couple moment and 
the magnitude and direction of the resultant force. 


fixed suppon 


To construct a free-body diagram for a rigid body or any group of 
bodies considered as a single system. The following steps should be 
performed: 



: Imagine the body to be isolated or cut 


"free" from its constraints and connections and draw (sketch) its 
outlined shape. 



Identify all the known and unknown external forces and couple 
moments act on the body. Those generally encountered are due to 
(1) applied loadings (2) reactions occurring at the supports or at points 
of contact with other bodies (see table 5-1) and (3) the weight of the 
body. To account for all these effects, it may help to trace over the 
boundary, carefully noting each force or couple moment acting on it. 



The forces and couple moments that are known should be labeled with 
their proper magnitudes and directions. Letters are used to represents 
the magnitudes and direction angles of forces and couple moments that 
are unknown. Establish an x, y coordinate system so that these 
unknowns, A x , A y , etc can be identified. Finally indicate the dimensions 
of the body necessary for calculating the moments of forces. 


65 
















Lecture Notes and Exercises on STATICS 


Exercise 5.1: 

Draw the free-body diagram of the uniform 
beam shown in Fig. 5-3. The beam has a mass 
of 100 kg. 


Fig 5-3 



Exercise 5.2; 

Draw the free-body diagram of 
the foot lever shown in fig.5-4. 

The operator applies a vertical force 
to the pedal so that the spring is 
stretched 1.5 in, and the force in the 
short link at B is 20 lb. 



Fig 5-4 


Exercise 5.3: 

Two smooth pipes, each having a mass of 300 kg, 
are supported by the forked tines of the tractor 
in fig 5-5. Draw the free-body diagrams for 
each pipe and both pipes together. 





Fig 5-5 
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free-body 
diagram of 


the unloaded 
platform 
that is 

suspended off 
the edge 
of the oil 
rig shown 
in fig 5-6. 

The platform L 
has a mass of 200 
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kg. Fig 5-6 


5.3 Equations of equilibrium 

In sec. 5.1 we developed the two equations which are both necessary 
and sufficient for the equilibrium of a rigid body, namely, £F = 0 and 
D M 0 = 0. When the body is subjected to a system of forces, which all 
lie in the x-y plane, then the forces can be resolved into their x and y 
components. Consequently, The conditions for equilibrium in two 
dimensions are 

I F * = ° 

I >0 

X M - = ° 

Here £ F x and £ F y represent, respectively, the algebraic sums of the x 
and y components of all the forces acting on the body, and £ M 0 
represents the algebraic sum of the couple moments and moments of 

all the force components about the z axis, which is perpendicular to the 
x-y plan and passes through the arbitrary point O. 
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Exercise 5.5: 

Determine the horizontal and vertical 
Components reaction on the beam 
caused by the pin at B and the rocker 
at A as shown in fig 5-7. 

Neglect the weight of the beam. 

Fig 5-7 


Ans: B x = 424 N A y = 319 N B y = 405 N 
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Exercjse 5.6: 

The cord shown in fig 5-8 supports 
a force of 100 lb and wraps over the 
frictionless pulley. Determine the tension 
in the cord at C and the horizontal and 
vertical components of reaction at pin A. 



Ans: T = 100 lb A x = 50 lb A y = 187 lb 


Exercise 5.7; 

The member shown in fig 5-9 is 
pin-connected at A and rests against 
a smooth support at B. 

Determine the horizontal and 
vertical components of reaction 
at the pin A. 



Ans: A x = 100 N A y = 233 N 


Exercise 5.8: 

The box wrench in fig. 5-10 is used 
to tighten the bolt at A. If the 
wrench does not turn when the 
load is applied to the handle, 
determine the torque or moment 
applied to bolt and the force of the 
wrench on the bolt. 


Fig 5-10 




Ans: A x = 5 N A y = 74 N M A = 32.6N.m F A = 74.1 N 
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Exercise 5.9: 

Determine the horizontal and 
vertical components of reaction 
on the member at the pin A, and 
the normal reaction at the roller B 
in fig 5-11. 



Ans: N b = 536 lb A x = 268 lb A y = 286 lb 


Exercise 5.10: 

The uniform smooth rod shown in fig 5-12 
is subjected to a force and couple moment. 
If the rod is supported at A by a smooth 
wall and at B and C either at the top or 
bottom by rollers, determine the reactions 
at these supports. Neglect the weight of 
the rod. 


Ans: B y = -1 kN C y = 1.35 kN A x = 173 N 



Fig 5-12 


Exercise 5.11: 

The uniform truck ramp 
shown in fig. 5-13 has a 
weight of 400 lb and is 
pinned to the body of the 
truck at each side and held 
in the position shown by the 
two side cables. Determine 
the tension in the cables. 




Fig 5-13 


Ans: T = - = 712 lb 

2 




























Lecture Notes and Exercises on STATICS 



Exercise 5.12: 

Determine the support reactions on the member in fig5-14. The collar at A is fixed to the member 
and can slide vertically along the vertical shaft. 



Ans: A x = 0 N N B = 900 N M a = 1.49 kN. m 


Equilibrium in three dimensions 


5.4 Free-body diagrams 

It is first necessary to discuss the types of reactions that can occur at 

the supports. 


The reactive forces and couple moments acting at various types of 
supports and connections when the members are viewed in three 
dimensions are listed in table 5-2 it is important to recognize the 
symbols used to represent each of these supports and to understand 
clearly how the forces and couple moments are developed. As in the 
two dimensional case: 


• A force is developed by a support that restricts the translation of 
its attached member. 


• A couple moments is developed when rotation of the attached 
member is prevented 
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TABLE S-2 Supports for Rigid Bodies Subjected to Three-Dimensional Force Systems 

Types of Connection Reaction Number of Unknowns 



One unknown. The reaction is a force which acts away 
from the member in the known direction of the cable. 


cubic 


( 2 ) 


/ 

m 


v M 


smooth surface support 


One unknown. The reaction is a force which acts 
perpendicular to the surface at the point of contact. 


(3) 



roller 



One unknown. The reaction is a force which acts 
perpendicular to the surface at the point of contact. 



ball and socket 



Three unknowns. The reactions are three rectangular 
force components. 
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single journal bearing 


Four unknowns. The reactions arc two force and two 
couple-moment components which act perpendicular to 
the shaft. Note: The couple moments arc generally not 
applied if the body is supported elsewhere. See the 
examples. 



single journal hearing 
with square shaft 


M 


t F ^ 

M 

>0 r. 


Five unknowns. The reactions are two force and three 
couple-moment components. Mote: The couple moments 
are generally not applied if the body is supported 
elsewhere. Sec the examples. 



single thrust hearing 


Five unknowns. The reactions arc three force and two 
couple-moment components. Note : The couple moments 
are generally not applied if the body is supported 
elsewhere. See the examples. 



single smooth pm 


Five unknowns. The reactions are three force and two 
couple-moment components. Note: The couple moments 
are generally not applied if the body is supported 
elsewhere. See the examples. 


W 



single hinge 



Five unknowns. The reactions are three force and two 
couple-moment components. Note: The couple moments 
are generally not applied if the body is supported 
elsewhere. See the examples. 


( 10 ) 


a 

fixed support 



Six unknowns. The reactions are three force and three 
couple-moment components. 
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Consider the two rods and plate, along with their associated free-body 
diagrams shown in Fig. 5-23. The .v, v, z axes are established on the 
diagram and the unknown reaction components are indicated in the 
positive sense. The weight is neglected. 


SOLUTION 



Properly aligned journal 
hearings at A, If. C 



400 lb 



Properly aligned journal heating 
at A and hinge at C Roller at R 


45 N 


m 

ik 




i; 




500 N 


The force reactions developed by 
the hearings arc sufficient for 
equilibrium since they prevent the 
shaft from rotating about 
each of the coordinate axes. 





M, 


Moment components are developed 
by the pm on the rod to prevent 
rotation about the a and r axes. 


400 lb 



< 


Only force reactions arc developed by 
the bearing and hinge on the plate to 
prevent rotation about each coordinate axis. 
No moments at the hinge are developed. 


5.5 Equations of Equilibrium 



The two conditions for equilibrium of a rigid body may be expressed 
mathematically in vector form as 

Z f=o 

YmT = 0 
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Where Y F is the vector sum of all the external forces acting on the 
body and Y M 0 is the sum of the couple moments and the moments of 
all the forces about any point 0 located either on or off the body. 
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Equil 


If all the external forces and couple moments are expressed in 
Cartesian vector form we have: 


I*-lF„t + £M+2F.t-0 

^lvC = ^M x i + ^M y j+^M z k=0 

Since the i, j and k components are independent from one another, the 
above Equations are satisfied provided. 


And 



j Ajjjadlj 1 * *' 1 jS j A JS Jjlau Jxj 

\\ (jljiVI AjJbua AjUS (jiaj iAj-lLuall 

y j x »Laj| ^ j £> 4^4 • 

z J 

JjJj j £>4Aji • 

j diiLill jjl all sLxil ^CiLalC'All Jlxii 
.Ijiua fjj Luu AJall fj\ J_ja. 


Exercise 5.13: 

The homogeneous plate shown in fig 5-15 has a mass of 100 kg and is subjected to a force and couple 
moments along its edges. If it is supported in the horizontal plane by a roller at A, a ball -and- socket 
joint at B, and a cord at C, determine the components of reaction at these supports. 



Ans: B x = ON B y = ON A z = 790N B z = -217 N T c = 707 N 



















0 


Lecture Notes and Exercises on STATICS 


Exercjse 5.14: 

Determine the components of reaction that the ball - and - socket joint at A, the smooth journal 
bearing at B, and the roller support at c exert on rod assembly in fig 5-16. 



Ans: A y = 0 N F c = 600 N B z = -450N B x = 0 N A x = 0 N A z = 750 N 



Ans: F ab — F AC — 87.5 lb 
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Ans: T d = 100 N T E = 50 N A x = -50N A y = -100 N A z = 200 N 


Exercise 5.17; 

The bent rod in Fig 5-19 is supported at A 
by a journal bearing, at D by a ball -and- socket 
joint, and at B by means of cable BC. Using 
only one Equilibrium Equation, obtain a direct 
solution for the tension in cable BC. The 
bearing at A is capable of exerting force 
components only in the z and y directions 
since it is properly aligned on the shaft. 


Ans: T b = 490.5 N 


C 



Fig 5-19 
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Structural Analysis 


6.1 Simple Trusses 



A truss is a structure composed of slender members joined together at 
their end points. The members commonly used in construction consist 
of wooden struts or metal bars. In particular, planar trusses lie in a 
single plane and are often used to support roofs and bridges. The truss 
shown in Fig. 6-la is an example of a typical roof-supporting truss. In 
this figure, the roof load is transmitted to the truss at the joints. Since 
this loading acts in the same plane as the truss, Fig. 6-lb, the 
analysis of the forces developed in the truss members will be two- 
dimensional. 


1 




V 

/ 


/ 

1 


In the case of a bridge, such as shown in Fig. 6-2a. the load on the deck 
is first transmitted to stringers, then to floor beams, and finally to the 
joints of the two supporting side trusses. Like the roof truss the bridge 
truss loading is also coplanar, Fig. 6-2b. 
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Fig. 6-2 
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To design both the members and the connections of a truss, it is 
necessary first to determine the force developed in each member when 
the truss is subjected to given loading. To do this we will make two 
important assumptions: 

• All Loadings are applied at the joints. 


• the members are joined together by smooth pins. The joint 
connections are usually formed by bolting or welding the ends of the 
members to a common plate, called a gusset plate as shown in Fig 6-3a. 
or by simply passing a large bolt or pin through each or the members. 
Fig 6-3b. 



iuJ^kdl ^Itsdl gjLilii 
yJOSL Jl IglXtPl go (uUiaJI) 
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s'\ (Tension) >»ill jsu> 

Ja sj ^ (compression) 
.jjI^juj 3 1 ob 1 julaS* Loj 



r 


If the force tends to elongate the member, it is a tensile force (T), Fig. 6- 
4a, whereas if tends to shorten the member, it is a compressive force 
(C), Fig. 6-4b. 
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T 


Tension 

(a) 
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Compression 
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If three members are pin connected at their ends they form a triangular 
truss that will be rigid, Fig. 6-5. Attaching two more members and 
connecting these members to a new joint D forms a larger truss. 
Fig. 6-6. This procedure can be repeated as many times as desired to 
form an even larger truss. If a truss can be constructed by expanding the 
basic triangular truss in this way. it is called a simple truss. 



Fig. (»-5 



6.2 The Method of Joints 


in order to analyze or design a truss, it is necessary to determine the 
force in each of its members. One way to do this is to use the method of 
joints. This method is based on the fact that if the entire truss is in 
equilibrium, then each of its joints is also in equilibrium. Therefore, if 
the free-body diagram of each joint is drawn, the force equilibrium 
equations can then be used to obtain the member forces acting on 
each joint. Since the members of a plane truss are straight two-force 
members lying in a single plane, each joint is subjected to a force system 
that is coplanar and concurrent. As a result, only £ F x = 0 and £ F y = 0 
need to be satisfied for equilibrium. 
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For example, consider the pin at joint B of the truss in Fig. 6-7a. Three 
forces act on the pin, namely, the 500 N force and the forces exerted by 
members BA and BC. The free body diagram of the pin is shown in 


Fig. 6-7b. Here F BA is "pulling" on the pin, which means that member 
BA is in tension; whereas F BC is "pushing" on the pin, and consequently 
member BC is in compression. These effects are clearly demonstrated 
by isolating the joint with small segments of the member connected to 
the pin. Fig. 6-7c. The pushing or pulling on these small segments 
indicates the effect of the member being either in compression or 
tension. 



P/mI tension) 
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w ^|L ft v 

b 

K 

i X 

r F*< (compression) 

1.45 N 


F#,( tension)* 

(b) 

(c) 

Fig. 6-7 



► 500 N 

¥fi t (compression) 



Always assume the unknown member forces acting on the joint's Free* 
body diagram to be in tension: i.e., the forces "pull" on the pin. If this is 
done, then numerical solution of the equilibrium equations will yield 
positive scalars for members in tension and negative scalars for 
members in compression, Once an unknown member force is found, 
use its correct magnitude and sense (T or C) on subsequent joint free 
body diagrams. 
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Exercise 6.1: 

Determine the force in each member 
of the truss shown in Fig. 6-8. and indicate 
whether the members arc in tension or 
compression. 

Fig. 6-8 





Dr 

Abdulwahab 
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Ans: F bc = 707.1 N F CA = 500 N F BA = 500 N C y = 500 N 


Exercise 6.2; 

Determine the force in each member of the truss 
in Fig. 6-9 and indicate if the members are in 
tension or compression. 


Fig. 6-9 



Ans: F bc = 566 N (C) F CD = 400 N (C) F AD 


773 N(C) F bd 


1.09 kN (T) F ab = 546 N (C) 


Exercise 6.3: 

Determine the force in each member of the 
truss shown in Fig. 6-10. Indicate whether 
the members are in tension or compression. 



Ans: F ab = 750 N (C) 


F ad = 450 N (T) 


F bd = 250 N (T) 


F dc = 200 N (C) F cb = 
600 N(C) 
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6.3 Zero-Force Members 


Truss analysis using the method of joints is greatly simplified if we can 
first identify those members which support no loading. These zero- 
force members are used to increase the stability of the truss during 
construction and to provide added support if the loading is changed. 


If only two members form a truss joint and no external load or support 
reaction is applied to the joint, the two members must be zero-force 
members. 



% 



IF, - O; F*m - O 
*f IF, - Cfc Fju * O 
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dJJb' i-jjd iS^aJI 4jOjJ l£ oijjuOflJI 
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Jjjbo' JuLC l$9i> <jSLoup djjj 
QJO l$9.X> ^3 tOli^LoCsJI 

JLc JoSbo' L^i^SJ ojJLo^JI 
.jIjaXauVI 



♦ Sf, = O; F/* sin 0; F /M 0 since sin 6 * O 

♦•'IF, O-.F/,# >0 0; Fi>/ - O 

(c) 



Fig. 6~! 1 


if three members form a truss joint for which two of the members are 
collinear, the third member is a zero-force member provided no 
external force or support reaction is applied to the joint. 
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Fig. 6-12 


Exercise 6.4: 

Using the method of joints, determine all the 
zero-force members of the Fink roof truss 
shown in Fig. 6-13. Assume all joints arc pin 
connected. 


Fig. 6-13 



Ans: F gc = 0 N F df = 0 N F fc = 0 N 
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e Method of Sections 


When we need to find the force in only a few members of a Truss. We 
can analyze the Truss, using the method of sections. It is based on the 
principle that if the truss is in equilibrium then any segment of the truss 
is also in equilibrium. For example, consider The two truss members 
shown on the Fig.6-14. If the forces within The members are to be 
determined, then an imaginary section, indicated by the blue line, can 
be used to cut each member into two parts and thereby "expose" each 
internal force as "external" to The free-body diagrams shown on The 
right. Clearly, it can be seen that equilibrium requires that the member 
in tension (T) be subjected to a "pull", whereas the member in 
compression (C) is subjected to a "push". 
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Fig. 6-14 


The method of sections can also be used to "cut" or section The 
members of an entire truss. If the section passes through the truss and 
the free-body diagram of either of its two parts is drawn, we can then 
apply the equations of equilibrium to that part to determine The 
member forces at the "cut section". Since only three independent 
equilibrium equations (£ F x = 0, Y.F y = 0, HM 0 = 0) can be applied 
to the free-body diagram of any segment, then we should try to select a 
section that, in general, passes through not more than three members 
in which the forces are unknown. 
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yLu> jjJuLC ^SyOur .<ui^ljJI 

oU^aJI <Ll>ljJI vS^aJI 

cAbl8 ft <uLlSLi 4£^kuuJI 
oJj^JI oJiLJI ulji^ll 

JlaS^II v Lu> Aa» dJ^3 
■ JSS U31A5JI 


For example, consider the truss in Fig. 6-15a. If the forces in members 
BC, GC, and GF are to be determined, then section aa would be 
appropriate. The free -body diagrams of the two segments are shown in 
Figs 6-15b and 6-15c. Note that the line of action of each member force 
is specified from the geometry of the truss, since the force in a member 
is along its axis. Also, the member forces acting on one part of the truss 
are equal but opposite to those acting on the other part - Newton's third 
law. Members BC and GC are assumed to be in tension since they are 
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ubjected to a "pull", whereas GF in compression since it is subjected to 
a "push". 


The three unknown member forces Fbc> Fgc and F gf can be obtained 
by applying the three equilibrium equations to the free-body diagram 
in Fig. 6-15b. If however, the free-body diagram in Fig. 6-15c is 
considered, the three support reactions D x , D y and E x will have to be 
known, because only three equations of equilibrium are available. (This, 
of course, is done in the usual manner by considering a free-body 
diagram of the entire truss.) 
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F»< C 



- 2 m 

V 

MUD IS 


(b) 


FI}J. tv-15 


cr 


45“ v 




a S- 



i I 


(C) 


Exercise 6.5: 




Determine the force in members GE, GC, and BC 

(7 l# l 



of the truss shown in Fig. 6-16. 

1 . — 4 

^ m rl r if 


Indicate whether the members are in tension or 

{ in 



compression. 

t B 

l c 


Fig. 6-16 





4 m — 4 m -I 

4 m 



1200 S 


Ans: F bc = 800 N (T) F 

GE = 800 N (C) 

F gc = 500 N (T) 
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Exercise 6.6: 

Determine the force in member CF of 
the truss shown in Fig. 6-17. 

Indicate whether the member is in tension 
or compression. Assume each member 
is pin connected. 


Fig. 6-17 


Ans: F cf = 0.589 kN (C) 




Ans: F cf = 0.589 kN (C) 


6.5 Frames and Machines 


ljLLSLq j 


Frames and machines are structures that contain pin- 
connected multi-force members (members with more 
forces or two forces couple or couples acting on it). 


Frames (sign frame, building frame, etc.) are used to 
support the system of loads while remaining stationary. 
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Machines (pliers, front end loaders , back holes, etc.) 

contain moving parts and are designed to transmit or 

modify loads. 
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the analysis of statically determinate frames generally 
begins with consideration of equilibrium of the overall 
frame to determine support reactions. In order to 
determine the forces acting at the joints and supports a 
frame or machine, the structure must be disassembled 
and the free body diagrams of its parts must be drawn. 



Ans: 
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Exercjse 6.9: 

A constant tension in the conveyor belt is maintained by using the device shown in Fig. 6-20. Draw 
the free-body diagrams of the frame and the cylinder that the belt surrounds. The suspended block 
has a weight of W. 



Id) 


Exercise 6.10: 

Draw the free-body diagrams of the bucket 
and the vertical boom of the backhoe 
shown in the photo, Fig. 6-21. The bucket 
and its contents have a weight W. 

Neglect the weight of the members. 


Fig. 6-21 
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Internal Forces 


7.1 Internal Forces Developed in Structural Members: 


To design a structural or mechanical member it is necessary to know the 
loading acting within the member in order to be sure the material can 
resist this loading. Internal loadings can be determined by using the 
method of sections. To illustrate this method, consider the cantilever 
beam in Fig. 7- la. If the internal loadings acting on the cross section at 
point B are to be determined, we must pass an imaginary section a-a 
perpendicular to the axis of the beam through point B and then 
separate the beam into two segments. The internal loadings acting at B 
will then be exposed and become external on the free-body diagram of 
each segment, fig. 7- lb. 
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paiUu 
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The force component N B that acts perpendicular to the cross section is 
termed the normal force. The force component V B that is tangent to the 
cross section is called the shear force and the couple moment M B is 
referred to as the bending moment. The force components prevent the 
relative translation between the two segments, and the couple moment 
prevents the relative rotation. According to Newton's third law, these 
loadings must act in opposite directions on each segment, as shown in 
Fig. 7-lb. They can be determined by applying the equations of 
equilibrium to the free-body diagram of either segment. In this case, 
however, the right segment is the better choice since it does not involve 
the unknown support reactions at A. A direct solution for N B is 
obtained by applying E F x = 0,V B is obtained from E F y = 0. and M B 
can be obtained by applying E M B = 0, since the moments of N B and 
V B about B are zero. 
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Engineers generally use a sign convention to report the three internal 
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loadings N, V, and M. Although this sign convention can be arbitrarily 
assigned, the one that is widely accepted will be used here, Fig. 7-3. The 
normal force is said to be positive if it creates tension, a positive shear 
force will cause the beam segment on which it acts to rotate clockwise, 
and a positive bending moment will tend to bend the segment on which 
it acts in a concave upward manner. Loadings that are opposite to these 
are considered negative. 
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HU 


live normal: 




The method of sections can be used to determine the internal loadings 
on the cross section of a member using the following procedure. 



• Before the member is sectioned, it may first be necessary to 
determine its support reactions, so that the equilibrium equations can 
be used to solve for the internal loadings only after the member is 
sectioned. 



• Keep all distributed loadings, couple moments, and forces acting on 
the member in their exact locations, then pass an imaginary section 
through the member, perpendicular to its axis at the point where the 
internal loadings are to be determined. 


• After the section is made, draw a free-body diagram of the segment 
that has the least number of loads on it, and indicate the components of 
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the internal force and couple moment resultants at the cross section 
acting in their positive directions to the established sign convention. 


uations of Equilibrium: 


• Moments should be summed at the section. This way the normal and 
shear forces at the section are eliminated, and we can obtain a direct 
solution for the moment. 


• If the solution of the equilibrium equations yields a negative scalar, 
the sense of the quantity is opposite to that shown on the free-body 
diagram. 


Exercise 7.1: 

Determine the normal force, shear force, 




and bending moment acting just to the left 
point B, and just to the right, point C, of the 6-kN 
force on the beam in Fig. 7-4. 


h kN 

*j t.N ■ ni 



A R, *■* 
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Fig. 7-4 


Ans: 

N B = ON 

N c = ON 

2 
2 M 

* rH 
lo | 

II II 

>“> u 

M b = 15 kN. m 
M c = 15 kN. m 


Exercise 7.2: 

Determine the normal force, shear force, and bending moment at C of the beam in Fig. 7- 5. 


Fig. 7-5 



Ans: N c = ON V c = 450 N M c = -225 N 
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Exercise 7.3: 

Determine the normal force, shear force, and bending moment acting at point B of the two-member 
frame shown in Fig. 7-6. 


Fig. 7-6 



Ans: No = 267 lb V R = 0 lb 


M b = 400 lb. ft 


Exercise 7.4: 

Determine the normal force, shear force, and bending moment acting at point E of the frame loaded 
as shown in fig. 7- 7. 


Fig. 7-7 



Ans: V E = 600 N N E = 600 N M E = 300 N.m 
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^7.2 Shear and Moment Equations and Diagrams 

beams are structural members designed to support loadings applied 
perpendicular to their axes. In general, they are long and straight and 
have a constant cross-sectional area. They are often classified as to how 
they are supported. For example, a simply supported beam is pinned at 
one end and roller supported at the other, as in Fig. 7-8a, whereas a 
cantilevered beam is fixed at one end and free at the other. The actual 
design of a beam requires a detailed knowledge of the variation of the 
internal shear force V and bending moment M acting at each point 
along the axis of the beam. 

these variations of V and M along the beam's axis can be obtained by 
using the method of sections discussed in Sec. 7.1. In this case, however, 
it is necessary to section the beam M at an arbitrary distance x from one 
end and then apply the equations of equilibrium to the segment having 
the length x. Doing this we can then obtain l/and M as functions of x. 

In general, the internal shear and bending-moment functions will be 
discontinuous, or their slopes will be discontinuous, at points where a 
distributed load changes or where concentrated forces or couple 
moments are applied. Because of this, these functions must be 
determined for each segment of the beam located between any two 
discontinuities of loading. For example, segments having lengths x 1 ,x 2 , 
and x 3 will have to be used to describe the variation of V and M along 
the length of the beam in Fig. 7-8a. These functions will be valid only 
within regions from O to a for x lt from a to b for x 2 , and from b to L for 
x 3 . If the resulting functions of x are plotted, the graphs termed the 
shear diagram and bending-moment diagram, Fig. 7-8b and Fig. 7-8c, 
respectively. 
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Fig. 7-8 
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The^shear and bending-moment diagrams for a beam can be 
constructed using the following procedure. 


>rt Reactions: 



• Determine all the reactive forces and couple moments acting on the 
beam and resolve all the forces into components acting perpendicular 
and parallel to the beam's axis. 


hear and Moment Functions: 


• Specify separate coordinates x having an origin at the beam's left end 
and extending to regions of the beam between concentrated forces 
and/or couple moments, or where the distributed loading is continuous. 

• Section the beam at each distance x and draw the free-body diagram 
of one of the segments. Be sure V and M are shown acting in their 
positive sense, in accordance with the sign convention given in fig. 7- 9. 

• The shear V is obtained by summing forces perpendicular to the 
beam's axis. 
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• the moment M is obtained by summing moments about the sectioned 
end of the segment. 


Shear and Moment Diagrams: 


• Plot the shear diagrams (V versus x) and the moment diagram (M versus x). If computed values of 
the functions describing V and M are positive, the values are plotted above the x axis, whereas 
negative values are plotted below the x axis. 


• Generally, it is convenient to plot the shear and bending-moment diagrams directly below the free- 
body diagram of the beam. 


M M 



Positive shear Ream sign convention 


Fig. 7-9 
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Exercise 7.5: 

Draw the shear and moment diagrams for the shaft shown in Fig.7-10. The support at A is a thrust 
bearing and the support at C is a journal bearing. 



Ans: 



Exercise 7.6: 

Draw the shear and moment diagrams for the beam shown in Fig. 7-11. 
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Friction 


8.1 Characteristics of Dry Friction: 


Friction is a force that resists the movement of two contacting surfaces 
that slide relative to one another. This force always acts tangent to the 
surface at the points of contact and is directed so as to oppose the 
possible or existing motion between the surfaces. 


In this chapter, we will study, the effects of dry friction, which is 
sometimes called Coulomb friction since its characteristics were studied 
extensively by C. A. Coulomb in 1781. Dry friction occurs between the 
contacting surfaces of bodies when there is no lubricating fluid. 


aj> jliil 5 ja Jl 

S- JjS- 
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The theory of dry friction can be explained by considering the effects 
caused by pulling horizontally on a block of uniform weight W which is 
resting on a rough horizontal surface that is nonrigid or deformable 
Fig. 8- la. The upper portion of the block, however, can be considered 
rigid. As shown on the free-body diagram of the block, Fig. 8-lb, the 
floor exerts an uneven distribution of both normal force AN a and 
frictional force AF a along the contacting surface. For equilibrium, the 
normal forces must act upward to balance the block's weight W, and 
the frictional forces act to the left to prevent the applied force P from 
moving the block to the right. Close examination of the contacting 
surfaces between the floor and block reveals how these frictional and 
normal forces develop, Fig. 8- lc. It can be seen that many microscopic 
irregularities exist between the two surfaces and, as a result, reactive 
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forces AR n are developed at each point of contact. As shown, each 


reactive force contributes both a frictional component AF n and a normal 


component AN n . 
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The effect of the distributed normal and frictional loadings is indicated 
by their resultants N and F On the free body diagram, Fig. 8- Id. Notice 
that N acts distance x to the right of the line of action of W. Fig. 8-ld. 
This location, which coincides with the centroid or geometric center of 
the normal force distribution in Fig. 8-lb, is necessary in order to 
balance the "tipping effect" caused by P. For example, if P is applied at 
a height h from the surface, Fig. 8-ld, then moment equilibrium about 
point O is satisfied if w x = ph or x = ph/w 
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In cases where the surfaces of contact are rather "slippery", the 


frictional force F may not be great enough to balance p. and 
consequently the block will lend to slip. In other words, as P is slowly 
increased, F correspondingly increases until it attains a certain 
maximum value F x called the limiting static frictional force, Fig. 8-le. 
When this value is reached, the block is in unstable equilibrium since 
any further increase in P will cause the block to move. Experimentally, it 
has been determined that this limiting static frictional force F, is 
directly proportional to the resultant normal force N. Expressed 
mathematically. 


F s = mN 
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where the constant of proportionality, p s (mu "sub" s), is called the 

coefficient of static friction. 

Thus, when the block is on the verge of sliding, the normal force N and 
frictional force F s combine to create a resultant R s , Fig. 8-le the angle 
0 S (phi "sub" s) that R s makes with N is called the angle of static 
friction. From the figure. 

0s = tair ‘ (I) = tan ' 1 fir) =tan ~ 1 ^ 

Typical values for p s are given in Table 8-1. Note that these values can 
vary since experimental testing was done under variable conditions of 
roughness and cleanliness of the contacting surfaces. For applications, 
therefore, it is important that both caution and judgment be exercised 
when selecting a coefficient of friction for a given set of conditions. 
When a more accurate calculation of F x , is required, the coefficient of 
friction should be determined directly by an experiment that involves 
the two materials to be used. 


4^-3 ciSjs5 

.*>1' flit* 

OiU ja ^ 

{ J^- d&fi US' iS' Jj 

CL-?- ja 
1?- 
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Table 8-1 

Typical Values for ju s 

Contact Materials 

coefficient of static Friction ju s 

Metal on ice 

0.03 - 0.05 

Wood on wood 

0.30 - 0.70 

Leather on wood 

0.20 - 0.50 

Leather on metal 

0.30 - 0.60 

Aluminum on aluminum 

1.10 - 1.7 


slightly greater than F s , the frictional force at the contacting surface will 
drop to a smaller value F k . called the kinetic frictional force. The block 
will begin to slide with increasing speed, Fig. 8-2a. As this Occurs, the 
block will "ride" on top of these peaks at the points of contact, as shown 
in Fig. 8-2b. The continued breakdown of the surface is the dominant 
mechanism creating kinetic friction. Experiments with sliding blocks 
indicate that the magnitude of the kinetic friction force is directly 
proportional to the magnitude of the resultant normal force, expressed 
mathematically as 



If the magnitude of P acting on the block is increased so that it becomes 


^ Jr' Lu O' 
i j£" 6j& JJis — 

0 Jj 
^ jj ^J' ^ cdAA — 
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Fk = PkN 
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e the constant of proportionality, p k , is called the coefficient of 
kinetic friction. Typical values for p k are approximately 25 percent 
smaller than those listed in Table 8-1 for p s . As shown in Fig. 8-2a, in 
this case, the resultant force at the surface of contact, R k , has a line of 
action defined by 0 k . This angle is referred to as the angle of kinetic 
friction, where 


0 S = tan 1 




= tan Vk 


By comparison, 0 S >0 k - 


\v 



Hr. 


Exercise 8.1: 

The uniform crate shown in Fig. 8-3 has 
a mass of 20 kg. If a force P = 80 N is 
applied to the crate, determine if it 
remains in equilibrium.The coefficient 
of static friction is p s = 0.3. 



Fig. 8-3 
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Free-Body Diagram: 


As shown in Fig. 8-3. the resultant normal force N c must act a distance x from the crate's center line 
in order to counteract the tipping effect caused by P. There are three unknowns F, N c , and x, which 
can be determined strictly from the three equations of equilibrium. 


I%.2 N 



equations of equilibrium: 

^EF x = 0 80 cos 30° N (0.2m) + N c (x) = 0 

+TEF y = 0 —80 sin 30° N + N c — 196.2 N = 0 

O+SM o = 0 80 sin 30° N(0.4m) - 80 cos 30° N(0.2m) + N c (x) = 0 

F = 69.3 N 
N c = 236 N 

x = —0.00908 m = — 9.08 mm 

Since x is negative it indicates the resultant normal force acts (slightly) to the left of the crate's center 
line. No tipping will occur since x < 0.4 m. Also, the maximum frictional force which can be developed 
at the surface of contact is F max = p s Nc = 0.3(236N) = 70.8N. Since F = 69.3 N < 70.8 N, the crate 
will not slip although it is very close to doing so. 
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Exercise 8.2: 

It is observed that when the bed of the dump truck is raised to an angle of 0 = 25° the vending 
machines will begin to slide off the bed, Fig. 8-4,. Determine the static coefficient of friction between 
a vending machine and the surface of the truck bed. 




Fig. 8-4 


Ans: p s = tan 25° = 0.466 
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Center of Gravity and Centroid 


9.1 Center of Gravity: 



A body is composed of an infinite number of particles of differential size, 
and so if the body is located within a gravitational field, then each of 
these particles will have a weight dW, Fig. 9-la. These weights will form 
an approximately parallel force System, and the resultant of this system 
is the total weight of the body, which passes through a single point 
called the center of gravity, G, Fig.9-lb. 



the location of the center of gravity G with respect to the x, y, z axes 
becomes 


/ x dW _ _ / y dW 

/ dW y_ JdW 


JzdW 

JdW 
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Here x, y, z are the coordinates of the center of gravity G, Fig. 9-lb. 


x, y, z are the coordinates of each particle in the body, Fig. 9- la. 
Expressed also as 

_ XjWj + X 2 W 2 + X 3 W 3 + - _ £1 XiWi 
Xcg “ Wj + W 2 + W 3 + - “ 

= YjWi + Y 2 W 2 + Y3W3 + - = I? YjWi 
cg W 1 +W 2 +W 3 + - 

_ ZjWj + Z 2 W 2 + Z3W3 + - _ £? ZiWi 
Zcg “ Wj + W 2 + W 3 + - ” 
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£y* Jc, 

‘W 2 ‘Wi 
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J5S1I j£j-a3 t Z ‘Y ‘X 
^1 ^ fUdil! 

■ (Zcg, Y cg , X cg ) 
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nter of Mass of a Body: 


In order to study the dynamic response or accelerated motion of a body, 
it becomes important to locate the body's center of mass C m , Fig. 9-2. 
This location can be determined by substituting dW = g dm into last 
equations. Since g is constant, it cancels out, and so 


_ f x dm 
X_ /dm 


Expressed also as 


X 


cm 


z 


cm 


_ f y dm _ f z dm 

^ /dm /dm 



ir^Xi + m 2 X 2 + m 3 X 3 + •• 

Si rnjXi 

m x + m 2 + m 3 H— 

" S>i 

+ m 2 Y 2 + m 3 Y 3 + •• 

■ Si m iYi 

m x + m 2 + m 3 H— 

“ Si nij 

+ m 2 Z 2 + m 3 Z 3 + •• 

Si rnjZi 

m x + m 2 + m 3 H— 

“ synij 
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—m 3 ‘m 2 
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(Z cm , 

■ Y cm , X cm ) 


9.3 Centroid of a Volume: 

If the body in Fig. 9-3 is made from a homogeneous material, then its 
density p (rho) will be constant. Therefore, a differential element of 
volume dV has a mass dm = p dV. Substituting this into the next 
Equations and canceling out p, we obtain formulas that locate the 
centroid C or geometric center of the body, namely 

_/xdV _/ydV _ / z d V 

X= JdV y= JdV Z= JdV 


110 


























Dr 

Abdulwahab 
Amrani 




Lecture Notes and Exercises on STATICS 



We can express the centroid of a volume as 


X 1 V 1 +X 2 V 2 +X 3 V 3 + - 

■ S? X,v, 

Vi+V 2 +V 3 + - 

Sv, 

Y 1 V 1 + Y 2 V 2 + Y 3 V 3 + •• 

• Si YjVj 

V 1 + V 2 +V 3 + - 

I? Vj 

Z 1 V 1 + Z 2 V 2 + Z 3 V 3 + •• 

• 2? ZiVi 

Vi+V 2 +V 3 + - 

_ lyv, 


9.4 Centroid of an Area: 

If an area lies in the x-y plane and is bounded by the curve y = f(x), as 
shown in Fig. 9-3a, then its centroid will be in this plane and can be 



Y cA = 


Y 1 A 1 +Y 2 A 2 +Y 3 A 3 + - I^Ai 
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9.5 Centroid of a Line: 

If a line segment (or rod) lies within the x-y plane and it can be 
described by a thin curve y = f(x), Fig. 9-4a, then its centroid is 
determined from 



x = 


f L x cLL 

k dl 


y = 


k ydi 

k dL 


Here the length of the differential element is given by the Pythagorean 
theorem, cLL = ^/(dx) 2 + (dy) 2 , which can also be written in the form 



Either one of these expressions can be used: however, for application, 
the one that will result in a simpler integration should be selected. For 
example, consider the rod in Fig. 9-4b, defined by y = 2x 2 . The length of 


The element is dL = 1 + (—) 2 dx,and since — =4x, then dL = 

Aj dx dy 

■yjl + (4x) 2 dx.The centroid for this element is located at x = x and 

y = y- 
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Fig. 9-4 


Exercise 9.1: 

Locate the centroid of the rod bent into 

the shape of a parabolic are as shown in Fig. 9-5. 


Fig. 9-5 



Ans: x = 0.410 m y = 0.574 m 



Ans: 


2R 

X = — 


IT 


y = 


2R 

TT 
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Exercise 9.3: 

Determine the distance y measured from 
the x axis to the centroid of the area 
or the triangle shown in Fig. 9-7. 


Fig. 9-7 



Ans: y = 
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Moments of Inertia 

10.1 Moment of Inertia: 

By definition, the moments of inertia of a differential area dA about the 
x and y axes are dl x = y 2 dA and dl y = x 2 dA, respectively, Fig.10-1. 

For the entire area A the moments of inertia are determined by 
integration. 
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x 2 dA 
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We can also formulate this quantity for dA about the "pole" 

Fig. 10-1. This is referred to as the polar moment of inertia. It is defined 
as dj 0 = r 2 dA where, is the perpendicular distance from the pole (z 
axis) to the element dA. For the entire area the polar moment of inertia 
is 






V 2 dA - I X + Iy 
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relation between ] 0 and I x , I y is possible since r z = x z + y , 
Fig. 10-1. From the above formulations it is seen that I x , I y and J 0 will 
always be positive since they involve the product of distance squared 
and area. Furthermore, the units for moment of inertia involve length 
raised to the fourth power, e. g. m 4 , mm 4 , or ft 4 , in 4 


10.2 Parallel-Axis Theorem for an Area 

The parallel-axis theorem can be used to find the moment of inertia of 
an area about any axis that is parallel to an axis passing through the 
centroid and about which the moment of inertia is known. To develop 
this theorem, we will consider finding the moment of inertia of the 
shaded area shown in Fig. 10-2 about the axis. To start, we choose a 
differential element dA located at an arbitrary distance y from the 
centroidal x axis. If the distance between the parallel x and x axes is 
d y , then the moment of inertia of dA about the x axis is 
dl x = (y' + d y ) 2 dA,. For the entire area. 





AkL Aj jl jIaII 


ul 


j Sj* yk (jULlijj 


I x = [ (y + d y ) dA = [ y' 2 dA + d y [ y'dA + d 2 f 
J A j A Ja Ja 


dA 



The first integral represents the moment of inertia of the area about the 
centroidal axis, I x '. The second integral is zero since the x axis passes 
through the area's centroid C; i.e., / y dA = Y J dA = 0 since Y = 0. 
Since the third integral represents the total area A, the final result is 
Therefore 

I x = I x ' + Ad y 


A similar expression can be written for I y , i. e., 

Iy = Iy' + Ad 2 
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finally, for the polar moment of inertia, since 


And 

we have 


Jc - 4 ' + 4 ' 
d 2 = d 2 + d 2 

Jo=J c + Ad 2 


The form of each of these three equations states that the moment of 
inertia for an area about an axis is equal to its moment of inertia about 
a parallel axis passing through the area 1 s centroid plus the product of 
the area and the square of the perpendicular distance between the 
axes. 


10.3 Radius of Gyration of an Area 

The radius of gyration of an area about an axis has units of length and is 
a quantity that is often used for the design of columns in structural 
mechanics, Provided the areas and moments of inertia are known, the 
radii of gyration are determined from the formulas. 
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the form of these equations is easily remembered since it is similar to 
that for finding the moment of inertia for it differential area about an 
axis. For example, I x = K 2 A whereas for a differential area, 
dl x = y 2 dA. 
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Exercjse 10.1: 

Determine the moment of inertia for the 

rectangular area shown in Fig. 10-4 with respect 

to (a) the centroidal, x' axis, (b) the axis, x b 

passing through the base of the rectangle, 

and (c) the pole or y axis perpendicular to 

the x’ - y plane and passing through the centroid C. 


Fig. 10-4 



b 

1 


h 


Ans: I x = ^bh 3 I xb = I x + Ad 3 = ^bh 3 I y = ^hb 3 J c = I x + I y = ^bh(h 2 + b 2 ) 



Ans: I x = 107(10 6 ) mm 4 
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